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• Probability Distributions 

• Uncertainty Measurements and Propagation 

• Curve Fitting 

Outline 
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• Lets say you have a probability distribution 

Cumulative distribution 
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𝑃(𝑥′) 

Probability 

of  finding a 

thing at 𝑥′ 



Lets say you have a probability distribution 

Cumulative distribution 
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𝑃(𝑥′) 

Probability of  

finding 𝑥′ in the 

interval 𝑥 + 𝑑𝑥 

𝑃 𝑥 𝑑𝑥 



Lets say you have a probability distribution 

 

 

Normally you want to find 𝑥′ within certain limits 

Cumulative distribution 
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𝑃(𝑥′) 

𝑃 𝑥 𝑑𝑥 

𝑃 𝑥1 ≤ 𝑥′ ≤ 𝑥2 =

 𝑃 𝑥 𝑑𝑥
𝑥2

𝑥1

 𝑃 𝑥𝑖

2

𝑖=1

 



Lets say you have a probability distribution 

 

 

Normally you want to find 𝑥′ within certain limits 

Cumulative distribution 
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𝑃(𝑥′) 

𝑃 𝑥 𝑑𝑥 

𝑃 𝑥1 ≤ 𝑥′ ≤ 𝑥2 =

 𝑃 𝑥 𝑑𝑥
𝑥2

𝑥1

→  𝑃 𝑥 𝑑𝑥 = 1

 𝑃 𝑥𝑖

2

𝑖=1

→  𝑃 𝑥𝑖 = 1

𝑖

 



If 𝑥′ is a random variable distributed as 𝑃 𝑥  

 

 

 

 

 

 

Expectation values 
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𝐸 𝑥′ = 𝑥′ =

 𝑥′𝑃 𝑥 𝑑𝑥

 𝑥′𝑃 𝑥𝑖

𝑖

 

𝐸 𝑓(𝑥′) = 𝑓 𝑥′ =  𝑓 𝑥′ 𝑃 𝑥 𝑑𝑥 



If 𝑥′ is a random variable distributed as 𝑃 𝑥  

 

 

 

 

 

This leads us to the theoretical mean 

Expectation values 
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𝐸 𝑥′ = 𝑥′ =

 𝑥′𝑃 𝑥 𝑑𝑥

 𝑥′𝑃 𝑥𝑖

𝑖

 

𝐸 𝑓(𝑥′) = 𝑓 𝑥′ =  𝑓 𝑥′ 𝑃 𝑥 𝑑𝑥 

𝑥 =  𝑥𝑃 𝑥 𝑑𝑥 



The variance 

 

 

 

 

 

This leads us to the theoretical mean 

Expectation values 
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𝑥 =  𝑥𝑃 𝑥 𝑑𝑥 

𝜎2 = 𝑥 − 𝑥 2 =  𝑥 − 𝑥 2𝑃 𝑥 𝑑𝑥 



The variance 

 

 

Skewness 

 

 

This leads us to the theoretical mean 

Expectation values 
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𝑥 =  𝑥𝑃 𝑥 𝑑𝑥 

Source: Wikimedia commons Source: Wikimedia commons 

𝜎2 = 𝑥 − 𝑥 2 =  𝑥 − 𝑥 2𝑃 𝑥 𝑑𝑥 

𝛾1 = 𝑥 − 𝑥 3 =  𝑥 − 𝑥 2𝑃 𝑥 𝑑𝑥 



• So far we’ve only dealt with 1-D probability 

• Life is rarely that simple 

• 𝑃 𝑥, 𝑦, 𝑧,⋯  is much more likely 

• Everything is defined as before but integrated 

over all directions/variables 

Adding dimensions/variables 
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𝑥′ =  𝑥′𝑃 𝑥, 𝑦, 𝑧, ⋯ 𝑑𝑥𝑑𝑦𝑑𝑧 ⋯ 

𝜎2 𝑥 = 𝑥 − 𝑥 2 =  𝑥 − 𝑥 2𝑃 𝑥, 𝑦, 𝑧, ⋯ 𝑑𝑥𝑑𝑦𝑑𝑧 ⋯ 

𝛾1 𝑥 = 𝑥 − 𝑥 3 =  𝑥 − 𝑥 3𝑃 𝑥, 𝑦, 𝑧, ⋯ 𝑑𝑥𝑑𝑦𝑑𝑧 ⋯ 



• Measure of linear correlation between 2 

variables 

Covariance 
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cov 𝑥, 𝑦 = 𝑥 − 𝑥 𝑦 − 𝑦  



• Measure of linear correlation between 2 

variables 

• If 𝑃(𝑥, 𝑦, 𝑧) 

• cov 𝑥, 𝑦  

• cov 𝑥, 𝑧  

• cov 𝑦, 𝑧  

• Normally expressed as a correlation coefficient 

• 𝜌 = 1 → correlated linearly 

• 𝜌 = 0 → variables are linearly independent 

Covariance 
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cov 𝑥, 𝑦 = 𝑥 − 𝑥 𝑦 − 𝑦  

𝜌 =
cov 𝑥, 𝑦

𝜎𝑥𝜎𝑦
 

𝑃 𝑥, 𝑦 = 𝑃 𝑥 𝑃 𝑦  



• You have two possible outcomes 

• Heads v. Tails, Yes v. No, Hit v. Miss 

• Probability the unchanged between trials 

• Not necessarily 50-50 

Binomial distribution 
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𝑃 𝑟 =
𝑁!

𝑟! 𝑁 − 𝑟 !
𝑝𝑟 1 − 𝑝 𝑁−𝑟 

Number of  

successes 

Number of  

trials 

Probability of  

success from an 

individual trial 



• You have two possible outcomes 

• Heads v. Tails, Yes v. No, Hit v. Miss 

• Probability the unchanged between trials 

• Not necessarily 50-50 

 

 

• This is (by definition) a discrete distribution so 

Binomial distribution 
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𝑃 𝑟 =
𝑁!

𝑟! 𝑁 − 𝑟 !
𝑝𝑟 1 − 𝑝 𝑁−𝑟 

𝑟 =  𝑟𝑃 𝑟 = 𝑁𝑝 

𝜎2 =  𝑟 − 𝑟 2𝑃 𝑟 = 𝑁𝑝(1 − 𝑝) 



The goal is to make  𝑃(𝑟) = 1 so 

Normalizing the binomial distribution 
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 𝑃(𝑟)

𝑁

𝑟=0

=  
𝑁!

𝑟! 𝑁 − 𝑟 !
𝑝𝑟 1 − 𝑝 𝑁−𝑟

𝑁

𝑟=0

 

rth term of the binomial 

expansion 



The goal is to make  𝑃(𝑟) = 1 so 

Normalizing the binomial distribution 
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 𝑃(𝑟)

𝑁

𝑟=0

=  
𝑁!

𝑟! 𝑁 − 𝑟 !
𝑝𝑟 1 − 𝑝 𝑁−𝑟 = 1 − 𝑝 + 𝑝 𝑁

𝑁

𝑟=0

= 1 



The goal is to make  𝑃(𝑟) = 1 so 

 

 

 

For many trials (𝑁 → big) 

and 

Normalizing the binomial distribution 
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 𝑃(𝑟)

𝑁

𝑟=0

=  
𝑁!

𝑟! 𝑁 − 𝑟 !
𝑝𝑟 1 − 𝑝 𝑁−𝑟 = 1 − 𝑝 + 𝑝 𝑁

𝑁

𝑟=0

= 1 

𝑝 ≤ 0.05 & 𝑁𝑝 finite 

Use the Poisson Distribution 



• Limiting form of the binomial distribution 

• 𝑁 → ∞ 

• 𝑝 → 0 

• 0 < 𝑟 ≪ ∞ 

The Poisson distribution 
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𝑟 = 𝑁𝑝 is finite 



• Limiting form of the binomial distribution 

• 𝑁 → ∞ 

• 𝑝 → 0 

• 0 < 𝑟 ≪ ∞ 

• Probability of observing r events 

 

 

• This is appropriate for 

• Nuclear reactions 

• Radioactive decay 

The Poisson distribution 
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𝑟 = 𝑁𝑝 is finite 

𝑃 𝑟 =
𝑟 𝑟𝑒−𝑟 

𝑟!
 



• 𝑡1/2 = 27 years  

• 𝜆 =
ln 2

27
= 0.026 years = 8.2 × 10−10 s−1 

• 1 μg = 4.4 × 1015 Cs atoms 

• 𝑁𝜆 = 3.6 × 106 decays/s 

Example: 1 μg 137Cs 
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p is small 

N is large 

Np is finite 



• 𝑡1/2 = 27 years  

• 𝜆 =
ln 2

27
= 0.026 years = 8.2 × 10−10 s−1 

• 1 μg = 4.4 × 1015 Cs atoms 

• 𝑁𝜆 = 3.6 × 106 decays/s 

• We can use: 

 

 

• But only if we realize that 𝑟 = 𝜆𝑡 

Example: 1 μg 137Cs 
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p is small 

N is large 

Np is finite 

𝑃 𝑟 =
𝑟 𝑟𝑒−𝑟 

𝑟!
 



Decays and reactions 
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𝑟 = 𝜆𝑡 

𝑃 𝑟 =
𝑟 𝑟𝑒−𝑟 

𝑟!
=

𝜆𝑡 𝑟𝑒−𝜆𝑡

𝑟!
 

The distribution 

changes as a 

function of  time 

Not symmetric 

Getting more 

symmetric 

𝜎2 = 𝜆𝑡 

Prove for 

homework 



The goal is to make  𝑃(𝑟) = 1 so 

 

 

 

For many trials (𝑁 → big) 

and 

Normalizing the binomial distribution 
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 𝑃(𝑟)

𝑁

𝑟=0

=  
𝑁!

𝑟! 𝑁 − 𝑟 !
𝑝𝑟 1 − 𝑝 𝑁−𝑟 = 1 − 𝑝 + 𝑝 𝑁

𝑁

𝑟=0

= 1 

𝑝 ≤ 0.05 & 𝑁𝑝 finite 

Use the Poisson Distribution 

𝑝 ≥ 0.05 & 𝑁𝑝 finite 

Use the Gaussian Distribution 



• The most ubiquitous distribution in all the 

sciences. 

• Even when it’s application isn’t the best it is still 

used. 

The Gaussian (normal) distribution 
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𝑥  𝑥  

𝑃 𝑥 =
1

𝜎 2𝜋
exp −

𝑥 − 𝑥 2

2𝜎2
 



• FWHM isn’t 𝜎 

The Gaussian (normal) distribution 
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𝑥  𝑥  

𝑃 𝑥 =
1

𝜎 2𝜋
exp −

𝑥 − 𝑥 2

2𝜎2
 

FWHM = 2𝜎 ln 4 = 2.35𝜎 

Prove for 

homework 



• FWHM isn’t 𝜎 

 

• No analytical solution → Numerical methods 

• Tables tend to be calculated for reduced 

Gaussian 

• 𝑥 = 0 

• 𝜎2 = 1 

The Gaussian (normal) distribution 
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FWHM = 2𝜎 ln 4 = 2.35𝜎 

𝑃 𝑥 =
1

𝜎 2𝜋
exp −

𝑥 − 𝑥 2

2𝜎2
 

𝑧 =
𝑥 − 𝑥 

𝜎
 



Standard deviation (𝝈) 
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Systematic Uncertainty 

• Come from a bias in the 

data 

• Tend to be in one 

direction 

• Difficult to account 

• Different for every 

experimental setup 

• Should be minimized 

whenever 

possible/practical 

Random Uncertainty 

• Result from: 

• Statistical fluctuations in 

the data 

• Random imprecisions in 

the measurement device 

• Are random in direction 

• Determined via sampling 

• Should be minimized 

whenever 

possible/practical 

Uncertainty Measurements 



• Given a sample of measurements 

• 𝑥1, 𝑥2, 𝑥3, … , 𝑥𝑛 

 

Sampling 
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𝑥′ =
1

𝑛
 𝑥𝑖

𝑛

𝑖=1

 



• Given a sample of measurements 

• 𝑥1, 𝑥2, 𝑥3, … , 𝑥𝑛 

 

 

 

 

• Similarly 

 

• Larger sample sizes approach the theoretical 

value 

Sampling estimation 
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𝑥′ =
1

𝑛
 𝑥𝑖

𝑛

𝑖=1

≠  𝑥𝑃 𝑥 𝑑𝑥 = 𝑥  

𝑥′ = lim
𝑛→∞

1

𝑛
 𝑥𝑖

𝑛

𝑖=1

=  𝑥𝑃 𝑥 𝑑𝑥 = 𝑥  

lim
𝑛→∞

𝑠2 = lim
𝑛→∞

1

𝑛
 𝑥𝑖 − 𝑥′ 2

𝑛

𝑖=1

= 𝜎2 



• Only possible if the probability distribution of the 

sample is known 

• Given: 

• 𝑛 independent observations (𝑥1, 𝑥2, 𝑥3, … , 𝑥𝑛) 

• Probability distribution 𝑓 𝑥 𝜃  

• The goal is to calculate a Likelihood function 

Sampling estimation – Maximum 
likelihood method 
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𝐿 𝜃 𝑥 = 𝑓 𝑥1 𝜃 𝑓 𝑥2 𝜃 ⋯ 𝑓 𝑥𝑛 𝜃  

Probability of  

observing the sequence  

𝑥1, 𝑥2, 𝑥3, … , 𝑥𝑛 



• Only possible if the probability distribution of the 

sample is known 

• Given: 

• 𝑛 independent observations (𝑥1, 𝑥2, 𝑥3, … , 𝑥𝑛) 

• Probability distribution 𝑓 𝑥 𝜃  

• The goal is to calculate a Likelihood function 

 

• 𝐿 𝜃 𝑥  defined to be a maximum for (𝑥1, … , 𝑥𝑛) 

Sampling estimation – Maximum 
likelihood method 
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𝐿 𝜃 𝑥 = 𝑓 𝑥1 𝜃 𝑓 𝑥2 𝜃 ⋯ 𝑓 𝑥𝑛 𝜃  

𝑑𝐿

𝑑𝜃
= 0 



• 𝐿 𝜃 𝑥  defined to be a maximum for (𝑥1, … , 𝑥𝑛) 

 

• Solution: 𝜃  – Maximum likelihood estimator 

 

• Only solvable (analytically) in a few simple cases 

• For solutions with Poisson distributions 

• See Leo 4.4.3 

• For solutions with Gaussian distributions 

• See Leo 4.4.4 

Sampling estimation – Maximum 
likelihood method 
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𝑑𝐿

𝑑𝜃
= 0 

𝜎2 𝜃 =  𝜃 − 𝜃
2
𝐿 𝜃 𝑥 𝑑𝑥1 ⋯𝑑𝑥𝑛 



• Consider 𝑢 = 𝑓 𝑥, 𝑦  with 𝜎𝑥  & 𝜎𝑦 

• The goal is to calculate 𝜎𝑢 𝜎𝑥 , 𝜎𝑦  

Propagation of uncertainties  
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𝜎𝑢
2 = 𝑢 − 𝑢 2  



• Consider 𝑢 = 𝑓 𝑥, 𝑦  with 𝜎𝑥  & 𝜎𝑦 

• The goal is to calculate 𝜎𝑢 𝜎𝑥 , 𝜎𝑦  

 

• To 1st order, 𝑢 ≈ 𝑓 𝑥 , 𝑦  

Propagation of uncertainties  
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𝜎𝑢
2 = 𝑢 − 𝑢 2  

𝑢 − 𝑢 ≅ 𝑥 − 𝑥 
𝜕𝑓

𝜕𝑥
 
𝑥 

+ 𝑦 − 𝑦 
𝜕𝑓

𝜕𝑦
 
𝑦 

 

𝑢 − 𝑢 2 ≅ 

𝑥 − 𝑥 2
𝜕𝑓

𝜕𝑥

2

+ 𝑦 − 𝑦 2
𝜕𝑓

𝜕𝑦

2

+ 2 𝑥 − 𝑥 𝑦 − 𝑦 
𝜕2𝑓

𝜕𝑥𝜕𝑦
 



 

 

 

• Take the expectation value of each term 

separately: 

Propagation of uncertainties 
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𝜎𝑢
2 = 𝑢 − 𝑢 2 ≅ 

≅ 𝑥 − 𝑥 2
𝜕𝑓

𝜕𝑥

2

+ 𝑦 − 𝑦 2
𝜕𝑓

𝜕𝑦

2

+ 2 𝑥 − 𝑥 𝑦 − 𝑦 
𝜕2𝑓

𝜕𝑥𝜕𝑦
 

𝜎𝑢
2 ≅

𝜕𝑓

𝜕𝑥

2

𝜎𝑥
2 +

𝜕𝑓

𝜕𝑦

2

𝜎𝑦
2 + 2cov 𝑥, 𝑦

𝜕2𝑓

𝜕𝑥𝜕𝑦
 



• Sums (and differences) 

• 𝑞 = 𝑥 + ⋯ + 𝑧 − 𝑢 + ⋯ + 𝑤  

 

 

 

• Products (and quotients) 

• 𝑞 =
𝑥×⋯×𝑧

𝑢×⋯×𝑤
 

Propagation of uncertainties - cases 
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𝜎𝑞  = 𝜎𝑥
2 + ⋯+ 𝜎𝑧

2 + 𝜎𝑢
2 + ⋯ + 𝜎𝑤

2

≤      𝜎𝑥 +⋯+ 𝜎𝑧 + 𝜎𝑢 + ⋯ + 𝜎𝑤

 

𝜎𝑞

𝑞

=
𝜎𝑥

𝑥

2

+ ⋯+
𝜎𝑧

𝑧

2

+
𝜎𝑢

𝑢

2

+ ⋯+
𝜎𝑤

𝑤

2

≤                    
𝜎𝑥

𝑥
+ ⋯+

𝜎𝑧

𝑧
+

𝜎𝑢

𝑢
+ ⋯ +

𝜎𝑤

𝑤

 



• If 𝑞 = 𝐵𝑥 and 𝐵 is a known constant 

• 𝜎𝑞 = 𝐵 𝜎𝑥 

 

• If 𝑞 = 𝑥𝑛 

•
𝜎𝑞

𝑞
=

𝑛 𝜕𝑥

𝑥
 

• Proofs of all of these are in: 

• J.R. Taylor, An Introduction to Error Analysis: The 

study of uncertainties in physical measurements,” 2nd 

Ed. Sausalito, Ca, University Science Books 1997.  

Propagation of uncertainties - cases 
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• Most of the time we measure some value as a 

function of several variables that we set 

 

• We need to fit these points to a theoretical curve 

that describes the behavior 

• Example: Radioactive source 

• Measure count rates: 𝑁1, 𝑁2, … , 𝑁𝑛 

• Measurements made at times: 𝑡1, 𝑡2, … , 𝑡𝑛 

• Data should fit: 𝑁 𝑡 = 𝑁0exp
−𝑡

𝜏  

• What is the best way to find 𝑁0 & 𝜏? 

Curve fitting 
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𝑢𝑖 = 𝑓 𝑥𝑖 , 𝑦𝑖 , ⋯  



• Measure 𝑛 points at 𝑥𝑖 of 𝑦𝑖 with error 𝜎𝑖 

• Need to fit 𝑓 𝑥; 𝑎1, 𝑎2, … , 𝑎𝑚  which should 

describe 𝑦 

• 𝑎1, 𝑎2, … , 𝑎𝑚 are unknown parameters to be solved 

 

• Best values of 𝑎𝑗: 

Least squares fitting 
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𝒏 > 𝒎 

𝑆 =  
𝑦𝑖 − 𝑓 𝑥𝑖 𝑎1, … , 𝑎𝑚

𝜎𝑖

2𝑛

𝑖=1

 

Minimize Chi-squared (𝜒2)  
distribution 



• Measure 𝑛 points at 𝑥𝑖 of 𝑦𝑖 with error 𝜎𝑖 

• Need to fit 𝑓 𝑥; 𝑎1, 𝑎2, … , 𝑎𝑚  which should 

describe 𝑦 

• 𝑎1, 𝑎2, … , 𝑎𝑚 are unknown parameters to be solved 

 

• Best values of 𝑎𝑗: 

Least squares fitting 
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𝒏 > 𝒎 

𝑆 =  
𝑦𝑖 − 𝑓 𝑥𝑖 𝑎1, … , 𝑎𝑚

𝜎𝑖

2𝑛

𝑖=1

 

𝜕𝑆

𝜕𝑎𝑗
= 0 

A system of  

𝑚 equations 



 

• Life is never rarely that easy. 

• If there’s no analytic solution (most of the time)  we 

need numerical methods to minimize 𝑆 

• We create the covariance or error matrix 

 

Least squares fitting 
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𝜕𝑆

𝜕𝑎𝑗
= 0 

𝑉 −1
𝑘𝑙

=
1

2

𝜕2𝑆

𝜕𝑎𝑘𝜕𝑎𝑙
 

Minimize 



 

• Life is never rarely that easy. 

• If there’s no analytic solution (most of the time)  we 

need numerical methods to minimize 𝑆 

• We create the covariance or error matrix 

 

Least squares fitting 
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𝜕𝑆

𝜕𝑎𝑗
= 0 

𝑉 −1
𝑘𝑙

=
1

2

𝜕2𝑆

𝜕𝑎𝑘𝜕𝑎𝑙
 



 

• Life is never rarely that easy. 

• If there’s no analytic solution (most of the time)  we 

need numerical methods to minimize 𝑆 

• We create the covariance or error matrix 

 

Least squares fitting 
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𝜕𝑆

𝜕𝑎𝑗
= 0 

𝑉 −1
𝑘𝑙

=
1

2

𝜕2𝑆

𝜕𝑎𝑘𝜕𝑎𝑙
 

𝑉 =

𝜎1
2 cov 𝑎1, 𝑎2

∙ 𝜎2
2

cov 𝑎1, 𝑎3 ⋯

cov 𝑎2, 𝑎3 ⋯

∙           ∙          
∙         ∙        

       𝜎3
2          ⋯

       ∙           ⋱

 



• Sadly nonlinear functions are too difficult for this 
class length. 

• References: 
• W.T. Eadie, et al: Statistical Methods in Experimental 

Physics (North-Holland, Amsterdam, London 1971) 
• QC39 .S74 1971 – In UBC library 

• F. James: Statistical Methods in Experimental Physics 
(World Scientific, Hackensack 2006) 

• QC39 .S74 2006 – In TRIUMF library 

• P.R. Bevington, et al: Data Reduction and Error 
Analysis for the Physical Sciences (McGraw-Hill, 
Boston 2003) 

• QA278 .B48 2003 – In UBC Library 

Nonlinear fits 
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